The spreading resistance of a round ohmic contact was calculated by solving the Laplace equation using analytic, numerical, and finite element methods. From this, formulas were found to calculate accurate values (better than 0.1%) of the spreading resistance over the entire range of contact size to substrate thickness ratio.
I. INTRODUCTION
The spreading resistance of a round contact on a semiconductor is an important quantity in many semiconductor device measurements and device design 1 . Despite its importance, the commonly used formula for spreading resistance is an approximation derived from salt water tank measurements 2 . This well known and commonly used result is
There was an attempt to find an analytic expression 3 , however that paper contains an error in the application of the boundary conditions. More recently, Gelmont and Shur 4 , found an analytic expression for very thin substrates and presented the result of a more general numerical solution. They showed that the formula above was inaccurate for the range of the ratio of substrate thickness to contact radius 0.5 < b/a < 3. The numerical results were reported as a line on a graph and the details of the calculation were not given.
The thermal spreading resistance of a round heat conducting contact has the same mathematical form as the electrical problem. In a review of that work 5 , the results are also limited to approximate analytic formula and numerical calculations.
In this paper, a formal, analytic solution of the spreading resistance problem will be given. Two methods of obtaining numerical results will be presented for the case where the substrate thickness is greater than the contact radius. A finite element method will be used to find the spreading resistance when the thickness is less than the contact radius. In each case, the results are calculated to an accuracy better than 0.1%. These results will be compared with previously published calculations. From these solutions, polynomials are found which can be used to find the spreading resistance for any ratio of substrate thickness to contact radius.
II. SPREADING RESISTANCE PROBLEM
The geometry of the problem is sketched in figure 1 . There is a slab of conducting (or semiconducting) material which is infinite in extent in the x-y plane and has a thickness of b in the z direction. On one side of the slab, a round contact with radius a, is held at a constant potential, V 0 . The entire opposite surface of the slab is covered by an Ohmic contact which is held at a potential of 0. It is assumed that the electric current in the slab follows Ohm's law, that is, that the current is
Spreading resistance contact geometry and boundary conditions. There is a round contact with radius a on the bottom of a semiconducting slab. The entire top surface of the slab is grounded.
in the direction of and is proportional to the electric field. The boundary condition of the rest of the slab's surface is that the current across the surface is 0. This implies that the component of electric field perpendicular to the surface must be 0. It is noted that a surface charge must be generated in order to satisfy the above condition.
The problem is to find the total current, I, through the contact and hence the spreading resistance, R s = V 0 /I. The current can be found from the electric field (and Ohm's Law), which can be calculated from the solution of the Laplace equation for the electric potential. The problem is cylindrically symmetric about the z axis which is perpendicular to the contact and running through its center. From the symmetry of the problem, the solution will be independent of the azimuthal angle, θ , about this axis. The Laplace equation in cylindrical coordinates, omitting the dependence on θ is
where φ is the electrostatic potential. This is mathematically the same problem as that of a charged conducting disk which is parallel to and centered between two infinite, grounded conducting sheets. The solution can be found by the method of separating variables or by the use of a Hankel transform 6 . The mathematics is simplified by choosing a scale for the units such that the radius of the contact is 1 and then the thickness of the slab will be h = b/a. The solution of equation (2), which satisfies the boundary conditions that φ = 0 at the back contact and that φ is finite at the origin is
e pz J 0 (rp) dp. must be chosen to satisfy the remaining boundary conditions on the bottom of the slab. This case with mixed boundary conditions on the bottom surface is a difficult problem. Tranter 6 gives a formal solution which will be outlined here. It begins by defining
then the boundary condition for the contact, where z = 0 and φ = V 0 is
Outside of the contact the perpendicular component of the electric field must be 0 or ∂ φ /∂ z = 0 at z = 0, which gives
This dual integral equation can be solved by expanding f (p) as
which automatically satisfies equation (6) . To satisfy equation (5) the a n are given by
The C-primes are found from
(p)dp.
(11) Using equations (3), (4), and (7) the solution for the electrostatic potential can be written,
−pz − e pz e −2hp J 0 (rp) dp.
This completes Tranter's formal solution. The next step is to calculate the current. The current through the contact is proportional to the z-component of the electric field at z = 0,
The current density in the contact is given by Ohm's law j = (−1/ρ)(∂ φ /∂ z). The total current is found by integrating this over the area of the contact,
These integrals, involving products of Bessel functions, can be evaluated using formulas from Watson 7 and Andrews 8 . After performing both the integrals in equations (13) and (14), it is found that only the contribution of the term containing a 0 is non-zero. The current through the contact is
In general, some approximate method must be used to calculate a 0 . Two methods will be described in the following sections. First, the solution will be found in two limiting cases. When h = ∞, the solution for the potential is 6
The z-component of the electric field at z = 0 is
Then using equation (14) the current through the contact is
and the spreading resistance is
In the expression above a has been inserted for the case where a = 1. If the substrate has essentially zero thickness, the current spreading beyond the edges can be neglected and the resistance can be found using simple geometry,
A. Expansion in orders of (
The problem has been reduced to calculating a 0 . Following Tranter 6 equation (11) can be expanded as a power series of ( 1 h ). Start by putting
into equation (11) to get
(p) dp. 
Combine the above two equations to get
The last sum is
and ζ (t) is the Riemann zeta function. One must now calculate the value of the L m,n 's up to the order of (1/h) that is desired. This was done up to order (1/h) 7 and the resulting value of a 0 is
This together with equation (15) gives the current and the spreading resistance is found from R s = V 0 /I. In the case where the radius, a, is not equal to 1, h = b/a and the spreading resistance is
.052204 1 h 6 − 0.011044
This is only valid for (1/h) < 1 and it agrees with the h = ∞ limit, equation (19). Equation (26) is plotted in figure 2 .
B. Numerical calculation of a 0
As an alternative to the power series expansion above, the L m,n in equation (11) m, n = 0 and going to higher values until L m,n are small enough to be negligible. This works as long as the L m,n get small fast enough as m and n get large. A computer program, written in C, was used to calculate L m,n values(equation (11)), C n -prime (equation (10)) from those, and then a 0 (equation (8)). The GNU Scientific Library (GSL-1.7) 9 was used to evaluate the Bessel functions and to perform the numerical integrations. It was found that one needs to go to a larger number of primes than the value of m and n to get the value of a 0 to converge. In the case of h = 1, using values of m, n from 0 to 8 and using 30 primes to calculate the C-primes (equation (10)) seemed to give good convergence. For smaller values of h (h < 0.5), many more terms needed to be found, using m, n values above 30. This gave a large number of small, but not negligible terms. The accuracy of the numerical integration was a problem for these small terms. Results of this calculation are shown as points (×) in figure 2. For h > 2 the results of numerical integration and the (1/h) expansion agree well. Below about h = 2, the numerical result is slightly larger until at h = 1 it is about 1% larger than the result from equation (26). At this point the numerical integration method is still reliable. It is not apparent on the scale drawn in figure 2 , but the numerical results do not merge with the h = 0 limit but rather has a non-zero intercept with the y axis. This illustrates the problem with the numerical integration.
III. FINITE ELEMENT METHOD
The numerical results from the analytical solution are good for h > 1, but for h < 1 a finite element method was used to get a more accurate result. The program used for this was FreeFem++ 10 . The input for FreeFem++ requires that equation (2) be written in the weak form 11 , which is
where w is a weighting function. Since the electric potential changes rapidly at the edges of the contact, a very high density of finite element nodes is needed to obtain an accurate solution. Repeated use of the adaptmesh function in FreeFem++ was used to generate a mesh with a high density in regions where the solution varies rapidly. After the electric potential was found, the FreeFem++ program was used to calculate the current through the contact by integrating the perpendicular component of the electric field over the area of the contact. This was checked by also calculating the current through the back surface. The number of nodes used in the calculation was increased until the accuracy of the answer was better than 1 part per thousand. Also the size of the slab was increased in the r direction until the accuracy was better than one part per thousand. For values of h < 2 , this required about 60,000 nodes. The required number of nodes increases as h increases.
The FEM results are plotted in figure 2 as dots (•). They agree very well with the previous calculations above h = 1. The FEM calculations also merges smoothly with the h = 0 limit for small h. The FEM calculation is accurate for small h.
IV. COMPARISON OF R s CALCULATIONS
The various calculations of R s are summarized in figure 2 . Along with the calculations described above are the results from Gelmont and Shur 4 . The points showing their numerical calculation were simply read from a graph in the published paper and so they are limited in accuracy. However, they are consistent with the calculations here. Their small h approximation is given by R s = ρ[π/(b/a)+1/4a ln 2] −1 and is only a slight correction to the h = 0 formula. This small h expression would only be useful for very small substrate thicknesses.
Also shown in figure 2 is the commonly used approximation, equation (1) . It is correct in the limits of small and large h. However, this empirical formula differs considerably from the true result. It is 13% too large at h = 1 and 2.6% too large at h = 5.
In the published work to solve the problem for thermal spreading resistance, an analytic solution has been obtained by using an approximate form of the heat flux for the boundary contition of the contact 12 . Even with this simplification, solutions were only given in the limits of thin or thick substrates. More recently, numerical calculations, valid only for h > 1 have been reported 13 . These results were given in a table over a range 1 < h < 5 (table 2, with k r = 10 −4 in 13 ) and in this range these numerical results agree closely with the work of the present paper.
The three calculations from this work agree well for h > 1.5. For smaller values of h the (1/h) expansion is not expected to be valid, but for h > 2 equation (26) is practical for calculating spreading resistance. The FEM calculation worked well for very small h up to h ∼ 3, and is limited only by the available computing resources (ie. the amount of RAM).
In order to have a simple expression which gives R s for small values of h, the FEM results were fit to a fifth order polynomial for 0 < h < 2.6. The resulting expression is 
The graph in figure 3 shows very good agreement between this polynomial and the (1/h) expansion in the range 1.6 < h < 2.3. This is accurate to better than 0.1% for 0.5 < h < 2. Below h = 0.5, the lowest accuracy is about 1%. To achieve higher accuracy (better than 0.1%) at very small h, a fit to the FEM results for 0 < h < 0.5 gives the following polynomial, 
V. CONCLUSION
The problem of the spreading resistance of a round contact has been analyzed by both analytic and finite element methods. Accurate values for the spreading resistance over the entire range of the ratio of substrate thickness to contact size are given by equations (26), (28), and, optionally (29).
